The cluster property is one of fundamental properties in physics. This property means that there are no relations between two events that are sufficiently separated. Because the cluster property is directly connected with entanglement in quantum field theory and in many-body systems, theoretical and experimental progress on entanglement stimulates us to study this property deeply. In this paper we investigate the cluster property in the spin 1/2 XXZ antiferromagnet on the square lattice with an explicitly symmetry breaking interaction of strength g. In this model spontaneous symmetry breaking occurs when the lattice size N is infinitely large. On the other hand, we have to make g zero in order to obtain quantities in the XXZ model with no symmetry breaking interaction. Since some results depend on the sequence of limit operations -N → ∞ and 0 g → , it is difficult to draw a clear conclusion in these limits. Therefore we study the model with finite g on the finite lattice, whose size N is supposed to be 10 20 , for our quantitative calculations. Then we can obtain the concrete ground state. In order to study the cluster property we calculate the spin correlation function. It is known that the function due to Nambu-Goldstone mode (gapless mode), which is calculated using linear spin wave theory, satisfies this property. In this paper we show that almost degenerate states also induce the spin correlation. We assume that the spin correlation function in measurements is a sum of the function due to Nambu-Goldstone mode and one due to these degenerate states. Then we examine whether the additional correlation function violates the cluster property or not. Our conclusion is that this function is finite at any distance, which means the violation of the cluster property, and it is of order of ( )
for the case of extremely small g, this violation is the fine effect. Therefore the correlation function due to the degenerate states can be observed only when it is larger than the spin correlation function due to Nambu-Goldstone mode.
We show that g required for this condition depends on the distance between positions of two spin operators.
Introduction
It has been widely understood that entanglement is one of the fundamental concepts in quantum physics. In entanglement the particle correlation is contradictory to the classical concept on the locality [1] . Entanglement between a few particles has been extensively studied first in order to establish strict foundation of quantum mechanics. Although this study belongs to the basic science, it became well-known that entanglement can be applied to quantum information or quantum computer [2] . By these applications we find a huge number of papers on entanglement [3] [4] [5] . Recently the concept of entanglement has spread over other fields such as particle physics [6] [7] [8] .
Another fundamental concept in quantum physics is spontaneous symmetry breaking (SSB) [9] [10]. We find extensive studies about relations between entanglement and SSB in many-body systems [11] . One target of these studies is to measure entanglement in experiments [11] [12] . Another target is to clarify the above relation in terms of the classical order [13] [14] [15] . But concrete calculations about entanglement have been limited to simple models such as boson systems with no interactions [15] or one-dimensional ferromagnet [16] .
The entangled particles are correlated even when the particles are separated from each other. If the distance between two particles is infinitely large, the entangled correlation implies the violation of the cluster decomposition [10] or the cluster property [17] .
Physical meaning of the cluster property, which is the most basic principle in physics [10] , is that there is no relation between two events that occur when the distance between these events is infinitely large. Let us give more accurate definition for the cluster property in quantum field theory [17] . Introducing a local operator ( ) 
.
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Then we calculate the expectation value of the product of these operators, If the Equation (3) holds, the correlation function satisfies the cluster property.
If it does not hold, then the cluster property fails.
When we assume that the ground state is only one state that satisfies the translational invariance, the cluster property is guaranteed in quantum field theory. But this assumption is not trivial in SSB because the ground state consists of the degenerate states. It has been also pointed out that the violation of this property is deeply connected with confinement in QCD [18] [19], because we cannot separate the quark operator far from the anti-quark operator. With these interests there are active studies on the cluster property in quantum field theory [20] [21].
In the many-body systems, on the other hand, we find only a few studies on the cluster property. Authors in works [22] [23] clarified the relation between the stability of the macroscopic system and the cluster property. In these papers it was pointed out that the ground state of the coherent state satisfies the cluster property, while the ground state of the number-fixed state does not. However, they cannot determine the ground state uniquely by Hamiltonian, so that they
did not clarify what is the condition under which the cluster property is valid.
Also in [17] it was shown that the cluster property fails in the Ising quantum spin model on the chain with a free boundary condition, although it holds with other boundary conditions. It should be noted that the lecture of [17] does not include discussion on the property in systems having the continuous symmetry.
In this paper we would like to investigate the cluster property of the quantum antiferromagnet on the two-dimensional lattice. It is well known that the ground states of models on this system realize semi-classical Neel order [24] , in other words, SSB of SU(2) or U(1) symmetry. This realization has been strongly supported by spin wave theory (SWT) [25] as well as numerical studies [26] [27] . Also there are many experimental reports about this order [28] [29] .
For our study we employ the spin 1/2 XXZ antiferromagnet on the square lattice. This model, with U(1) symmetry, is a simplified one of the Heisenberg model which has SU(2) symmetry. We study the model on the lattice whose size N is very large but finite, because the limit operation on N is quite subtle in SSB.
One important fact clarified by the previous numerical study [24] is that the eigen energy characterized by the quantum number of U(1) symmetry is almost degenerate. This implies that we have strictly degenerate states when N becomes infinitely large, while we do not have any degenerate states on the finite lattice. Therefore one should not make a simple operation on this limit.
In order to determine the ground state uniquely we introduce an additional interaction that explicitly breaks the symmetry, which forms a disturbance in experiment. Then we quantitatively calculate the spin correlation function using the Hamiltonian with the additional interaction. We suppose that the correlation function is a sum of the correlation function due to the quasi-degenerate states and the one due to Nambu-Goldstone mode.
Contents of this paper are as follows. In the next section we show the property of the ground state in SSB. Here we emphasize that the ground state consists of stressed that if the ground state has the non-zero expectation value of a local spin operator, this operator connects the state of 1 n + with the state of n. We will find that the violation of the cluster property originates from this connection. After introducing the concrete model of the spin 1/2 XXZ antiferromagnet on the square lattice with the symmetry breaking interaction in Section 3, we calculate its ground state in Section 4. In our calculations we make a continuous approximation about n, which is valid provided that the size N is large.
In Section 5 we calculate the spin correlation function. In subsection 5.1 we calculate the spin correlation function due to Nambu-Goldstone mode. Here we employ spin wave theory [25] in order to obtain a quantitative effect induced by the symmetry breaking interaction. In subsection 5.2 we calculate the spin correlation function due to the quasi-degenerate states. In section 6 we collect the results of the previous section. Then we present our results of the spin correlation function that is related to the violation of the cluster property in the size ( ) The final section is devoted to summary and discussion. In Appendix A we point out that the violation of the cluster property leads large entanglement in the spin systems. In Appendix B we will show the basis of our assumption that the spin correlation function is the sum of the function due to Nambu-Goldstone mode and the one due to the quasi-degenerate states.
Ground State with Spontaneous Symmetry Breaking
In the spin system on the finite lattice, the spin operator ( ) 
Since the Hamiltonian has U(1) symmetry, the generator commutes with the 
In a case of the spin 1/2 system, 2 ,
In the standard antiferromagnet we can insist that the ground state is one eigen state of Q . Actually 0 E is the lowest energy for even N and its eigen state 0 D is the ground state. As a result SSB does not occur.
A large amount of theoretical and experimental research, however, strongly supports that SSB occurs in the quantum antiferromagnet [24] . Strictly speaking, SSB is the concept that holds in the limit of the infinitely large N. On the finite Another property needed for SSB is an existence of a local spin operator ˆl i S , on which there is a non-zero matrix element between these quasi-degenerate states. Therefore it is required that 1ˆ0 .
Let us show reasons for (6), which is required if the ground state G is not the eigen state of Q . In this case G is constructed by the linear combination of the states
When there is no additional interaction, as mentioned before, the ground state G is given by 0 D on the finite size system. Therefore we need the interaction V that explicitly breaks U(1) symmetry. In order to suppress the effect by V to the model, this interaction must be quite small. Even if V is small, however, G should be the linear combination of (7) is also needed by the definition of SSB, which requires a non-zero value of the expectation of the local field ( )
See the textbook of the quantum field theory [10] about the above condition for SSB. Since in the antiferromagnet on the square lattice we have Neel order, we replace the local field ( )
Here i a is a constant which depends on the site i. Then for SSB we require that ˆ, 0.
Consequently we can show an existence of the local operator whose matrix elements between the quasi-degenerated states are finite. From (8) and (10) S is the charge of 1 for Q , we have the non-zero matrix element only for 1 m n = ± . As a result (7) is necessary.
Summarizing this section, the system has the quasi-degenerate states { } n D and non-zero matrix elements of
on the lattice of the finite size N, when the system has SSB in the limit of the infinitely large N.
Our Model
The model we study in this paper is the spin 1/2 XXZ antiferromagnet on the square lattice with an explicitly symmetry breaking interaction. In this antiferromagnet on the square lattice we divide the whole lattice into two kinds of lattices, which are called A-lattice and B-lattice. The semi-classical order on B-lattice has the opposite sign against that on A-lattice. Therefore the symmetry breaking interaction V is a sum of the local spin operators with positive signs for the spin on A-lattice and those with negative signs for spins on B-lattice.
Taking that Q is defined as the total sum of ˆz i S into account, the Hamiltonian which includes V is given by
,ˆˆˆˆˆx
Here ( ) , i j denotes the nearest neighbor pair on the square lattice, and we
Note that this system has SU (2) 
In addition, from results on lattices of 18 -36 N = , we observe that
Using the least square fit for data on these lattices, we estimate that 3.57
In the following sections we suppose that the lattice size N is quite large.
Therefore hereafter we use, instead of (15), 
Ground State with Symmetry Breaking Interaction
Here we consider the set of the quasi-degenerate states,
The ground state G is the linear combination of
From (18) and (20) 
We assume that the coefficient n c changes smoothly on n. Then we can replace n by a continuous variable x n x = ∆ , and replace n c by a continuous function ( )
By this correspondence we have
Here with a good approximation we replace the discrete operation by the differential one in the above equation. Therefore we obtain the following equation for the eigen equation on 
This eigen equation leads ( ) 
Thus we obtain eigen functions and eigen values,
e , 
The ground state is given by
The ground state energy is given from (28) by
Here the constants a, f and v are fixed once the Hamiltonian of the model is given. The parameter that we can control is g only. In the next section we will analyze the effects by the breaking interaction V  to the spin correlation function.
Spin Correlation Function
For our study of the cluster property, we introduce the spin correlation function ( ) , F i j and its difference ( )
If the cluster property holds, we have ( )
The most important assumption in our calculations is that the spin correlation is the sum of the contribution due to Nambu-Goldstone mode and that due to the quasi-degenerate states. Namely we assume that ( )
In Appendix B we will show the basis of this assumption.
In the next subsection we calculate the spin correlation function due to Nambu-Goldstone mode. In subsection 5.2 we calculate the spin correlation function due to the quasi-degenerate states.
Calculation by Spin Wave Theory
When we add the symmetry breaking interaction V to the Hamiltonian, this interaction changes the gapless Nambu-Goldstone mode to the gapped state. For quantitative calculations about the gapped state, we employ linear spin wave theory (LSWT) [25] . The Hamiltonian of the model with spin S is given by
After introducing 
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We diagonalize the Hamiltonian by †ˆĉ osh sinh .
Then we obtain †ˆˆc onst.
Here the parameter k θ  is determined by ( ) 
Here we introduce notation k ω  defined by 
When the distance i j r x x = −   is large, the summation on k  can be dominated by the contributions from the small wave vector. Therefore we can replace the energy by
For large r the summation can be replaced by the integral in a good approximation, 
Correlation Function Due to Quasi-Degenerate States
In this subsection we calculate the spin correlation function
by the quasi-degenerate states. We start with the ground state (30) which is derived from (20) , and the matrix element ( )
In the Hilbert space spanned by the quasi-degenerate states,
Since N is quite large, we can replace the discrete expression by the differential 
In addition we obtain
From (54) we see the following. 
Therefore the spin correlation function violates the cluster property.
Cluster Property
As described in (33) the spin correlation function ( ) , F i j is the sum of the function due to Nambu-Goldstone mode and one due to the quasi-degenerate states. In addition the expectation value of the single spin operator .
Here we obtain
In numerical estimations we suppose 1 g  because the additional interaction should be small. For 1 g  we have Therefore it would be easy to observe the signal of the violation of the cluster property.
The above discussion shows the importance of the distance r at which we observe the spin correlation function. Therefore in Figure 3 For this value we find the very narrow range of r for the possible observation of the violation. We have to measure the correlation function at the large distance near its maximum.
3) If we suppress the additional interaction until In conclusion we find that the spin correlation function due to the quasi-degenerate states violates the cluster property. If we can measure very small correlations, we can catch the signal for the violation in the wide range of the distance.
Summary and Discussion
In this paper we made an extensive study of the cluster property in the quantum antiferromagnet on the square lattice. The cluster property means that there are no relations between two events that are sufficiently separated. For this study we kept the lattice size N finite, because the effect due to the finite size plays an important role. In this study we assign In order to study the cluster property we calculated the spin correlation function. It is known that the function due to Nambu-Goldstone mode satisfies the cluster property. What we showed is that the quasi-degenerate states induce another spin correlation and it violates the cluster property. This induced function is, at any distance between positions of two spin operators, of order of ( ) 1 g N , where g is the strength of the additional interaction. The necessary condition to observe the violation in experiments is that the correlation function due to the quasi-degenerate states is larger than the spin correlation function due to Nambu-Goldstone mode. We showed that g required for this condition depends on the distance. Then we conclude that it is possible to find the violation of the cluster property in experiments.
Let us comment on experiments about the cluster property. In the experiments it is required to measure the correlation length [30] [31] [32] , because the correlation length is directly connected with the behavior of the spin correlation at the large distance. In the experiments on the material Sr 2 CuCO 2 Cl 2 [33] [34], the neutron scattering is used to measure the correlation length. These experiments confirmed that this correlation length becomes large when the temperature is low. In addition it turned out that the length is an exponential function of the inverse of the temperature. In these experiments it was found that the correlation length scales from 1 to 200 lattice constants when temperature decreases from 1500 K to 300 K. Therefore it is difficult to observe the violation of the cluster property in this range of the correlation length.
In experiments the growth of the correlation length is limited by temperature.
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In addition even if temperature is close to zero, where the correlation length is of order of the system size, the disturbed interactions limit the length. But, in principle, one can control these interactions in experiments. Therefore we would be able to examine the cluster property when the temperature is quite low and the disturbance which contains the symmetry breaking interaction is suppressed.
While we have only a few experiments on XXZ model [35] , which is the model we studied, there are many experiments [30] 
We also obtain ( )
, . 
Similarly the forth term vanishes. Thus we justify the assumption (33) .
